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Abstract. In this paper, some new inequalities of the Hermite-Hadamard 
type for h— convex functions whose modulus of the derivatives are h-convex 
and applications for special means are given. 



1. Introduction 

The following definition is well known in the literature [H] : A function /:/—)• R, 
^ I C R, is said to be convex on / if inequality 



(1.1) / (tx + (l-t)y)< tf (x) + (1 - f) / (y) 

holds for all x,y £ I and t £ [0, 1]. Geometrically, this means that if P,Q and R 
are three distinct points on the graph of / with Q between P and R, then Q is on 
or below chord PR. 

Let / :/ Ci->Ibea convex function and a,b £ I with a < b. The following 
double inequality: 



is known in the literature as Hadamard's inequality (or H-H inequality) for convex 
function. Keep in mind that some of the classical inequalities for means can come 
from (|1.2p for convenient particular selections of the function /. If / is concave, 
this double inequality hold in the inversed way. 



Definition 1. \8j We say that f : I — »• R is Godunova- Levin function or that f 
belongs to the class Q (I) if f is non-negative and for all x,y £ I and t £ (0, 1) we 
have 

(1.3) f(tx + (l-t)y)< ISEl + lM. 

Definition 2. We say that f : I CR — >• K is a P— function or that f belongs 
to the class P (I) if f is nonnegative and for all x,y £ I and t £ [0, 1] , we have 

(1.4) f(tx+(l-t)y)<f(x) + f(y). 
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Definition 3. J2f Let s € (0, 1] . A function f : (0, oo] — > [0, oo] is said to be 
s— convex in the second sense if 

(1.5) / (tx + (1 - t) y) < t s f (x) + (1 - t) s f (y) , 

for all x, y € (0,6] and t € [0,1]. This class of s— convex functions is usually 
denoted by Kg. 

In 1978, Brcckner introduced s— convex functions as a generalization of convex 
functions in [2]. Also, in that work Breckner proved the important fact that the 
set valued map is s— convex only if the associated support function is s— convex 
function in [^] . A number of properties and connections with s-convex in the first 
sense are discussed in paper 0. Of course, s— convexity means just convexity when 
s = 1. 

Definition 4. f 1$ Let h : J C R — s- R be a positive function . We say that 
f : I C R — )• R is h— convex function, or that f belongs to the class SX {h, I), if f 
is nonnegative and for all x,y £ I and t € [0, 1] we have 

(1.6) / (tx + (l-t)y)<h (t) f(x) + h(l-t)f (y) . 

If inequality (|1.6p is reversed, then / is said to be h— concave, i.e. / € 5V (h, I). 
Obviously, if h (t) — t, then all nonnegative convex functions belong to SX (h, I) 
and all nonnegative concave functions belong to SV(h,T); if h(t) = j, then 
SX(h,I) = Q(I); if h(t) = 1, then SX(h,I) D P (I); and if h(t) = t s , where 
s e (0, 1), then SX (h, I) D K 2 S . 

Remark 1. \lJ$ Let h be a non-negative function such that 

(1.7) h{a)>a 

for all a € (0, 1). For example, the function hj~(x) — x k where k < 1 and x > 
has that property. If f is a non-negative convex function on I , then for x,y E I , 
a 6 (0, 1) we have 

(1.8) / (ax + (1 - a)y) < af(x) + (1 - a)f(y) < h(a)f(x) + h(l - a)f(y). 

So, f € SX(h,I). Similarly, if the function h has the property: h(a) < a for all 
a € (0, 1) 7 then any non-negative concave function f belongs to the class SV(h,I). 

For recent results and generalizations concerning h— convex functions sec [2J [5l 
IT2KT4] and references therein. 

In [?], the following theorem which was obtained by Dragomir and Agarwal 
contains the Hermite-Hadamard type integral inequality. 

Theorem 1. ^ Let f : 1° C R — > R be a differ entiable mapping on 1° , a,b E 1° 
with a < b. If \ f'\ is convex on [a,b], then the following inequality holds: 

(b-a)(\f'(a)\ + \f(b)\) 
8 

In [TU] Kavurmaci et. al. used the following lemma and introduced some new 
Hermite-Hadamard type inequalities: 



(1.9) 



f(a) + f(b) 



b- 



f (u) du 
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Lemma 1. |10|Le£ / :/ CR->lfca differentiable mapping on 1° , where a, b 6 / 
wii/i a < b. If f £ L [a, b], then the following equality holds: 

rb 



(1.10) 



(b-x)f (b) + {x-a)f (a) 



1 



(x — a) 



b — a b — 

2 r l 

(t-l)f (tx + (1 - t) a) dt 



f (u) du 



(b-x) 



2 „1 



(1-t) f (tx+(l-t) b)dt. 



b — a 

Theorem 2. [10] Let / :/ CK->lka differentiable mapping on 1° sucht hat 
f G L [a, b] , where a,b £ I with a < b. If \ f'\ is convex on [a, b] and for some 
fixed q > 1, then the following inequality holds: 



(1.11) 



(6 -Z) /(&) + (* -a) /(a) 



1 



6-. 



< 



1 + p 



(a: - a) 2 [\f> (a)| 9 + |/' (x)| 9 ] ' + (b - x) 2 [\f (x)| 9 + \f> (b)\"] • 



/or eac/i a; € [a, 6] and g = ^zj- 

In [Tj, Barani et. al. proved a variant of Hadamard's inequality which holds for 
s— convex functions in the second sense. 

Theorem 3. [Tj Let f : / C R + — > M 6e a differentiable mapping on 1° and 

v 

a,b G 1° with a < b. If |/'| p_1 is s— convex on [a,b] in the second sense, for some 
fixed s G (0, 1] . Then the following inequality holds, 

f («) du 



(1.12) 



(6 - x) / (6) + (a - a) f (a) 



1 



< 



1 



1+p 



b — a 



b — a 



1 

s+l 



q J (x — a) 



b — a 

2 



b- 



\f'(x)\ q +[\f'(a)\" 



\f'(x)\ q +[\f'(b)\< 



where q = — 2— . 

The main purpose of this paper is to establish refinements inequalities of the 
results in [10] . We obtained new inequalities related to the right-hand side of 
Hermite-Hadamard inequality for functions when a power of whose first derivatives 
in absolute values is h— convex. Then, we give some applications for special means 
of real numbers. 

2. Main Results 

In this section we introduce some Hermite-Hadamard type inequalities for h- 
convex functions with corollaries and remarks. 



Theorem 4. Let / :JCK->lka differ entiable mapping on 1° , where a, 6 G 7 
wfft a < b such that f £ L [a, 6] and ft is supermultiplicative and nonnegative such 
that h (a) > a. If \f'\ is h— convex on [a, b] , then 



(2.1) 



(6 - x) f (b) + (x - a) / (a) 



b — a 



f (u) du 



< 



(x — a) 



^ (V W| y 1 ft ((1 - t) t) dt + \f> (a)| ft ((1 - <) 2 ) dt) 
(V (x)| jf 1 ft ((1 - t) t) dt+\f (6)1 J 1 ft ((1 - t) 2 ) 



(&-*r 



6 — a 

Proof. From Lemma [TJ we have 

(b-x)f(b) + (x-a)f(a) 



(x — a) 



b — a 

2 .1 



6- 



f (u) du 



b — a 



(b-x) 



(t-l)f (tx + (l-t) a) dt 



o 



2 „1 



< 



(x — a) 
6- 



b — a 

2 „1 



(1 - t) }' (tx + (l-t) b) dt 



o 



a 



(l-t)|/' (tx+{l-t) a)\dt 



(i 



+ 



(b-x) 



2 „1 



6 — a 

Since |/'| is ft— convex, then we obtain 
(b-x)f(b) + (x-a)f(a) 



(l-t)\f (tx + (l-t) b)\dt 



b — a 



b — a 



f (u) du 



< 



(x — a) 
b — a 



2 „1 



ci-t) (ftwir (x)i+ft(i-oir wDdt 



2 .1 



< 



< 



6 — a 

(x — a) 2 
b — a 

+ {b-xf 
b — a 

(x — a) 2 
b — a 

, (&"^) 2 



(1-f) (ft(t)|/' (x)| + ft(l-t)|/'(6)|)df 



|/'(x)| / h(l-t)h(t)dt + \f(a)\ h 2 (l-t)dt 
Jo Jo 

(V (x)\J^ ft (1 - t) ft (t) dt + I/' (6)1 ^ ft 2 (1 - t) dt) 
|/' (x)| ft ((1 - t) t) dt + \f (o)| /' ft f (1 - t) 2 ) dt 



6 — a 

which completes the proof. 



(V (x)| J o 1 ft ((1 - t) t) dt+|/' (6)| J q 1 ft ((1 - t) 2 ) 



<7t 



□ 
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f(a)+f(b) 1 



b-, 



f (u) du 



b — a , 
< — I 2 



, / a + b 



h((l-t)t)dt+(\f'(a)\ + \f(b)\) f h((l-t) 



dt 



Corollary 2. In Corollary^ using the h— convexity of\f'\, we have 



/(«) + / (6) 1 



b — a 



f {u) du 



< b —^(\f(a)\ + \f(b)\)(2h n 



h((l-t) t)dt 



((1-*)') 



dt 



Corollary 3. In Corollary^ if we choose h(t) — t, we have 



f(a) + f(b) 1 



b — a 



f (u) du 



b — a 



—-(\f(a)\ + \f'(b)\)^J^ (l-t)tdt + J (1-tYdt 



which is the inequality in U.9\) . 

Theorem 5. Let / :K1- >M6ea differ entiable mapping on 1° , where a,b E I 
with a < b, such that f 6 L [a, b] and h : I C.M. — > 1 k a nonnegative such that 
h G L [0, 1] . // \ f'\ p_1 is h— convex on [a, b] and for some fixed q > 1, then 



(2.2) 



(6 -a:) /(&) + (* -a) /(a) 1 



< 



b — a 



1 \r\(x-ay 



1+p 



b — a 



b — a 



/ {u) du 



\f'(x)\ q / h(t)dt+\f(a)\ q / h(l-t)dt 



\f(x)\ q / + / h(l-t)dt 



for each x € [a, b] and q = — zr- 



Proof. From Lemma [T] and using the well-known Holder integral inequality, we 
obtain 
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(b-x)f(b) + (x~a)f(a) 1 



b — a 



b- 



f (u) du 



< 



(x — a) 



2 „i 



{l-t)\f {tx+{l-t) a)\dt 



< 



(b-x) 
b — a 
1 



2 „1 



(1 -t) \f (tx + (l-t) 6) | (ft 



(1 - tf dt 







(x — a) 
b — a 



\f (tx+(l-t) a)\ q dt 



(b-xY 



\f (tx+(l-t) b)\ q dt 



b — a 

Hence, by ft,— convexity of \f'\ q , we have 

(b-x)f(b) + (x-a)f(a) 1 



< 



b — a 



1 \ p j {x-af 



b — a 



f {u) du 



1+p 



(b-xy 



b — a 

which completes the proof. 



\f(x)\ q / h(t)dt+\f'(a)\ q / h(l-t)dt 



\f'(x)\ q / h(t)dt+\f'(b)\ q / h(l-t)dt 



□ 



Corollary 4. In Theorem [31 if we choose h (t) — t, inequality i2.S\) is reduces to 

Corollary 5. In Theorem^ if we choose h(t) = t s , inequality \2.2}) is reduces to 

Corollary 6. In Theorem^ if we choose h(t) — 1, then we obtain an integral 
inequality for P— functions 



(b-x)f (b) + (x-a)f (a) 1 



< 



1 \ v 



1+p 



b — a b — 

(x — a) 2 + (b — x) 2 
b — a 



f (u) du 



{\f'(x)\ q + \f'(a)\ q ) 



Remark 2. oln Theorem^ choosing x — a, we get 



f(b)~ 
< (b-a) 



1 



b — a 
1 \ T > 



1+p 

oln Theorem^ choosing x = b, we get 



f (u) du 



\f'{a)\ q / h(t)dt+\f'(b)\ q / h(l-t)dt 
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/(a)- 
< (b -a) 



1 



b — a 
1 



1+p 

iln Theorem^ choosing x = we get 



f («) du 



\f'(b)\ q [ h(t)dt+\f(a)\ q [ h(l-t)dt 
Jo Jo 



< 



2 b - a 

(b-a) ( 1 



/(&) + / (a) 1_ 



r 



a + b 



f (u) du 
a + b 



q 



h(t)dt+\f (a)\ q / h(l-t)dt 



o Jo 

•i /■>■ r 1 

h(t)dt + \f (b)\ q / h{l-t)dt 
ii Jo 



oln Theorem^ choosing x — and f (^27 = 0, we get 



/(&) + / (0) 1 



< 



2 6 - a 

(b-a) f 1 



/ (w) rfw 



1+p 



(|/'U'H+|/'(6)|)( / M<)*) 



Theorem 6. Let / : JCM- > R 6e a differ entiable mapping on 1° , where a, G 7 
wiift a < b, such that f £ L [a, b] and /i : / C 1 -> 1 fc a nonnegative and 
super multiplicative such that h £ L[0, 1] and ft, (t) > t. If \ f'\ q is h— convex on [a, 6] 
and /or some fixed q > 1, iften 



(6 - x) / (b) + (* - a) / (a) 1 



6 — a 



I / h(l-t)dt 



b — a 



f (u) du 







(x — a)' 



b — a 
2 



(b-x) 



(V / fe (* - * 2 ) * + 1/' / h (c 1 - *) 2 ) *) 
(V (^r ^ ft (« - * 2 ) * + 1/' (b)\ q jT 1 ft ((1 - 1) 2 ) d*) 9 j 



/or eacft a; G [a, 6] 



Proof. From Lemma [T] and using the power- mean inequality for q > 1 and p = — 



we obtain 



(b-x)f (b) + (x-a)f (a) 1 



b — a 



b — a 



f («) du 



< 



(x — a) 
b — a 



2 „1 



(l-t)\f (tx+(l-t) a)\dt 



2 „1 



b — a 



(1 -*)!/' (<x+(l-t) 6) | A 



I / (l-i)cft 



o 



(a; — a) 
b — a 



2 / .1 



(1 -*)!/' (te+(l-t) a) | 9 eft 



2 / „1 



(1 -*)!/' (fcfi + (l-t) dt 



6 — a 

Hence, by ft,— convexity of \f'\ q , we get 
(6 - a) / (b) + (x-a)f (a) 1 



b — a 
l- 



^ i , rl (i- t ) rf tV" 5 )(-«) 



1 1 



b — a 

2 / ,1 



b — a 



f (u) du 
(1 -*)!/' (te+(l-t) a)| 9 dt 



1 1 



Qf * (1 - t) |/' (to + (1 - t) A 
< \ j\{l-t)d^j 9 S.^^^j\(l-t){h(t)\f(x)\ q + h(l-t)\f'(a)\ q } 



(b- x y 



2 / /•! 



which completes the proof. 



^1 -*) {MO I/' (*)!* + Ml -*)!/' (&)!'}<« 



□ 



Corollary 7. in Tfteorem[S| choosing x = (a + 6) /2 and i/ien using the h— convexity 
of \f'\ q , we get 



f(a) + f(b) 1 



/ (w) d« 



< 



b — a 



f\(l- t) eft) °Wf (l±?) |' jf \ (t - dt + \f (a)|« jT 1 ft ((1 



+ (|/' (^) [ jT 1 h (t - dt + \f ( b )\ q £ ft ((i - tf) 
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Remark 3. In Corollary^ choosing h (t) — t, we get 
f(a) + f(b) 1 



< 



b- 



— — ( 

b — a I 1\ p I 1\ " (\ 



f (u) du 



4 V2 



a + b 



i/»r 



, f a + b 



\f'(b)\ q 



Corollary 8. In Corollary^ if we choose h(t) = 1, then we obtain an integral 
inequality for P— functions 



f(a) + f(b) 1 



b — a 



< 



b- 



i ( a + b 



f (u) du 



\f'(a)\' 



i ( a + b 



\f'(b)\ q 



< b -^(\f'(a)\ + \f(b)\). 



3. Applications to Special Means 

Wc now consider the applications of our Theorems to the following special means 
The quadratic mean: 



K = K(a,b) 



b 2 



a,b>0, 



The arithmetic mean: 



. , a + b 
A = A(a,b):= , a,b>0, 



The geometric mean: 



G = G(a,b) := Vab, a,b>0, 



The logarithmic mean: 

L = L(a,b) := 
The p-logarithmic mean: 

L p = L p (a, b) : 



b— a 
In b— In a 



if a = b 
if a^b 



a,b>0 



b" +1 -a" +1 



(p+l)(b-a) 

p £ M\{-1,0}; o,6 > 0. 



if a^b 
if a = b 
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Proposition 1. Let a,b £ M., < a < b and n £ Z, \n\ > 1. Then, the following 
inequality holds, 

(3.1) |A (a", 6") - L£ (a, 6)| < |n| ^ (A"" 1 (a, b) + 2A (a"" 1 , ft"" 1 )) . 

Proof. If we apply Corollary [T] for / (x) = x n , h(t) =t where x € ffi, n € Z, |n| > 1, 
we get the proof (|3.1[) . □ 

Proposition 2. Le£ a, b e R, < a < 6 and n £ Z, |n| > 1. Then, we have: 

Proof. The proof is immediate from Corollary [1] applied for /(x) = -, x € [a, 6] 
and h(t)=t. □ 

Proposition 3. Le£ s,iel, 0<fl<i and n G Z, |n| > 1. Then, the following 
inequality holds, 

(3.3) |A(a",b' l )-^(a,6)| < \n\ A (a™ -1 , . 

Proof. The assertion follows from Corollary [5] applied to /(x) = x n , /i (t) = t where 
x 6l,n£ Z, |n| > 1. □ 

Proposition 4. Let a, 6 € K, < a < and n £ Z, |n| > 1. Then, we have: 

b-a 2K 2 (a, b) 



(3.4) |A(a -1 ,6 -1 ) -L-^o.ft)] < 



8 G 4 (a, 6) 



Proof. The assertion follows from Corollary [2] applied to /(x) = —, x € [a, 6] and 
h(t)=t. □ 

Proposition 5. Let a, 6 € K, < a < and n € Z, |n| > 1. Then, for all q > 1 : 
(3.5) |A(a",6")-i^(a,6)| 



Proof. If we apply Corollary [7] for /(x) = x™ where x £ M, n € Z, |n| > 1, we get 
the proof ([3J2). □ 
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